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The author examines the problem of the effect of the time factor on 
the state of stress of a two-layer cantilever beam composed of ortho- 
tropic strips of the same thickness but with different elastic properties, 
The problem is solved using the mathematical apparatus of the theory 
of Volterra-type linear integral operators, 

Using  the equa t ions  r e p r e s e n t i n g  the i n s t a n t a n e o u s -  
e l a s t i c  s t a t e  of the b e a m  [1] and the V o l t e r r a  p r i n c i -  
p le ,  we ob ta in  the  fo l lowing e x p r e s s i o n s  f o r  the  s t r e s s :  

_(i) 
-(~) 6E, (M --Px)(2Say-- S~), (1) 
~~ = h S  

Here 

_(2) 
_(2) E~ _(i) 
o~ - - - ( 1 )  Ox (2)  

E~ 

-(:~) u(~) [1--TUOQ * (--~(:~))j k = I, 2; ~ 1  "~- ~ I 0  

__( I ) _ ( 2 )  
S I =  b~Et -F(b--bl)EI ; 

,) _ {J )  ,) __(2) 
'S2=bTEI + (b ~ -bT)  E~ ; 

_ ( I )  ,~ 
g - b i '  E~ )" q- 20, (b - -  01) (202-bb , -4 -  b~) • 

_ ( 2 ) _ ( 1 )  4 _ 2 )  2 
?KEI El +(b--bO (El ) ; 

x(k), fl(k) a r e  the  r h e o l o g i c a l  p a r a m e t e r s ,  h the t h i c k -  
ne s s  of the  l a y e r s ,  b the to ta l  depth of the b e a m ,  b I 
the depth of the  f i r s t  l a y e r ,  M the bending m o m e n t ,  P 
the s h e a r  f o r c e ,  El0 ~) (k = 1, 2) the e l a s t i c  modu l i  of the 
l a y e r s ,  and Q* (--~(~)) the  V o l t e r r a - t y p e  i n t e g r a l  op-  
e r a t o r s .  

The p r o b l e m  c o n s i s t s  in eva lua t ing  the o p e r a t o r  
e x p r e s s i o n s  (1) and (2). 

We r e w r i t e  Eq~ (1) in the f o r m :  

o,- 6 ( M - -  Px) b~ t ~ -lU, - -  = ~ ( 2 g b l - - b T )  ( E  )'~ + 
L 

~ 1 )  _(2)1 [ _ I) 
+ 12~(b--b,)-~ (5")--b?)] e l  El , / h  E l )2- F 

L 

+ 2 (~ -- b,) (2b~ _ ~b, + z)~) • 

(2) _(u (l>-- IhP _(2),, 1 
., e ,  E, + ( e, )~1. 

b~ J 
(3) 

It  wi l l  be n e c e s s a r y  to c a r r y  out the i n v e r s i o n  of the 
q u a d r a t i c  t r i n o m i a l  in the  d e n o m i n a t o r .  

In p a r t i c u l a r ,  le t  b 2 +b~ - bb I = 0. The d e n o m i n a -  
t o r  of e x p r e s s i o n  (3) then a s s u m e s  the fo rm 

h [ ~('') + [- ~7-. b--b'  "~2-('~' (4) 

and a f t e r  t r a n s f o r m a t i o n s  

H e r e ,  

h [el~' + ( : ' - K )  2 : ' 1 2  • 
, L'lO J L I, bt ] 

x [ 1 -  z,Q* ( -  1~(")- z~Q * ( -  13(~)]~. 

Z (u -,o~(1) b~ 
Xl = vj~lo~'2Iz(I) + ( b - - b l )  2 ~(2),-,Io ; 

(b - -  bl):  X (2) ~1o~(2) 
b~F (1) ~Io + (b -- bl) ~ ,-J0~(2) 

(5) 

The known p r o p e r t i e s  of Q* o p e r a t o r s  a r e  insuf f i c ien t  
for  the  i n v e r s i o n  of e x p r e s s i o n  (5). T h e r e f o r e  we wil l  
p rove  the fo l lowing i m p o r t a n t  p r o p e r t y  of V o l t e r r a -  
type  i n t e g r a l  o p e r a t o r s ,  which i s  r e q u i r e d  to so lve  
many  p r o b l e m s  of the t h e o r y  of e l a s t i c  m e d i a  with 
m e m o r y  ef fec ts  : 

~'. = f (t)/[ 1 + n, Q* ( -  I~,) + n~ Q* ( -  I~)]" = 
~= . , n [1 + ~,Q*(,-,) -~- ~.,Q (r~)l f(t),  (6) 

w h e r e  the p a r a m e t e r s  ~i and r i a r e  d e t e r m i n e d  in the 
usual  way [2] . F o r  n = 2 we have 

W~ [1 +~Q*  (--I~,)+ ~Q* (--I~)] = 

=f(t)/[1 + n ,Q*( - -  ~,) + ~..,O* (--  ~)j  = 

= [ / +  ~, Q* (r,) + ~Q* ( 0 ]  f(t). 

Consequent ly ,  

t 

i ~ % = : ( t ) + 2 ~  Q(r~, t--~)/(~)d~ + 
0 

0 

@ ~ Q(Q, t--~) Q(Q, ~--s) f(s)dsdT-F 
d 
o 

j ( + ~1~2 Q (r2, / - -  T) Q (Q,  17 - -  S) f (S) ds d'r: -F 

0 0 

+ ~ 1  , Q(ri, ! -  z) Q(r~, ~--s)f(s)dsdz + 
0 tl 

r + ~  f Q(r~, t - - ' c )  Q(r2, T--s)f(s)dsdT. 
o 
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U s i n g  D i r i c h l e t ' s  t h e o r e m  on  the  o r d e r  of i n t e g r a -  
t ion ,  we t h e n  o b t a i n  

t 

W. = } (t) + 2~, I Q (r,, t - -  "0 f ('q d ~ + 
0 

t t 

+ .I Q + .i 
0 0 

l 

• .I Q 
s 

t 

X Q (/-2, I - -  17) Q (r2, T - -  S) d z -+' 2~1~2 X 
s 
t l 

b ~ 

t 

(r, l - -  "0 Q (r,, "~ - -  s) d ~ + ;~ .I [ (s) ds • 
0 

C o n s i d e r i n g  tha t  the  l a s t  t h r e e  t e r m s  a r e  r e s p e c t i v e l y  
the  s q u a r e s  of the  o p e r a t o r s  Q*( r t )  , Q*(r2) and  the  
p r o d u c t  of t h e s e  o p e r a t o r s ,  i t  i s  c l e a r  tha t  Eq.  (6) is  
va l id  for  n = 2. T h e n ,  by  m a t h e m a t i c a l  i n d u c t i o n  i t  i s  
e a s y  to  show tha t  p r o p e r t y  (6) is  v a l i d  for  any  n .  

T h i s  p r o p e r t y  m a k e s  i t  p o s s i b l e  to i n v e r t  the  o p e r -  
a t o r  e x p r e s s i o n  in  the  d e n o m i n a t o r  of (3) in  the  p a r -  
t i c u l a r  c a s e  when  b 2 + b~ - bb i  = 0 and h e n c e  in  the  
l a s t  a n a l y s i s  e v a l u a t e  the  e x p r e s s i o n  f o r  ~x  �9 

We now t u r n  to the  g e n e r a l  c a s e  when  b 2 + b~ - bb l  
~0 .  We  c o n v e r t  t he  d e n o m i n a t o r  of (3) to the  f o r m  

[ E -i- 2kE + m) 

.~(2), 2 
= h (~,)  (~-- ~) ( ~ -  ~). (7) 

Here, 3/ and 6 a re  the roots  of the t r inomial  in the 

paren theses ;  

k - -  

_(1) 

2 ( b - - b , )  (2b~ bb,+b~); ~ _  E, 
b~ - ( ~ )  ' E, 

We wi l l  now c o n s i d e r  t h r e e  c a s e s :  
1. The  r o o t s  y and  5 a r e  r e a l  and  equa l .  T h i s  c a s e  

is  a n a l o g o u s  to the  p a r t i c u l a r  c a s e  c o n s i d e r e d  above  
when b 2 + b~ - bb l = 0. To  i n v e r t  the  o p e r a t o r  e x p r e s -  
s ion  we u s e  p r o p e r t y  (6). 

2. The  r o o t s  y and 5 a r e  r e a l  and d i f f e r e n t .  A f t e r  
r e d u c i n g  to p r i m e  f a c t o r s ,  f r o m  (3) we o b t a i n  

--(]) K 
Ox - -  --(2) X 

hE ,  ( y - - 6 )  

1 ] 
• _'~-71) _(2) - -  - ( 0  _(2~ 

x E~ - -  yE ,  E, - - 6 E t  
(s) 

and a f t e r  f u r t h e r  t r a n s f o r m a t i o n s ,  

_(1) _(2)  / [ _ ( l )  (2) 

- -  6 Elg )) t l - -  k l  Q* ( - -  [~('))-- X~Q* (--  [~(2,) ] } - , } .  (9) 

H e r e ,  

.4 ic,(k) Z(k) .4" ~.(~) 7(k) ~k  = ( - -  ])  k - 1  takL'10 " ~'; = t~&F-'lO ' 
E,(1) , ~,(2) ' 1:2(I) s ' 
/-'10 - - Y  z~lO /..-.lO - -  Oi-~IO 

dl = d'l = 1; d~ = 'y; d'2 = 6. 

A f t e r  i n v e r s i o n  of the  d e n o m i n a t o r ,  we o b t a i n  [2] 

_(I )  .K 
o~ - h(v_aleg ~ l1 +/~)Q*(z'~)-,~%] x 

1 [~ + a,Q* (q) + ~Q* (r~) ] - 

X l~(l) L,(2) 
L, 10 - -  '~ L, 10 

�9 ~',O'C"I' --1 (~ a-'lOi~ (2, [ ]  + a ; Q *  (r;) JF ~'2Q* (r;) ] }  (lo) 

F o l l o w i n g  the  n e c e s s a r y  t r a n s f o r m a t i o n s  we ob ta in  

H e r e ,  

5 

ox> = L-r  ,11, 
i= i  

L 0 i s  the  i n s t a n t a n e o u s  v a l u e  of the  o p e r a t o r  ~ ; 

r 3 = z  ~  r 4 = r ' f i  r : .=Z; 

Vi=(Eo - Y) (Eo .,~.(2)/~(I) .i ~(~),~. - -  u ) ' a ' lO ,  tL ' lO  - -  ~ i  ~10 ) ~y  - -  6) ~i l i  

( i =  1, 2, 4, 5; d , = d  2---7; 

da=d4-----6; l , = l  2 =  1; l ~ = 1 4 = - - l ) ;  

[~7(1) ~,(2)\ ~ /~ (1)  �9 iE2(2),,. ]/~-,(1) 
7a = [ ~a t~,o - -  6~,o s + ~t~,o --y-<0 ) j/~,o - -  

~(2) (o v E (2)~ - - 6 ~ 1 o  - -Era  + .  Jo~; 

~i = ai - -  Z (2) a~. (i = I, 2); 
Z.(2 __ ~(2) __ ri 

2 

~a = 1 -F X(2) __[~(2)_ rk 
k=]  

(12) 

The  q u a n t i t i e s  44, 45, ~6 a r e  ob t a ined  f r o m  (12) by s u b -  
s t i t u t i n g  a l '  and  a 2' fo r  the  c o e f f i c i e n t s  al ,  a 2. 

F i n a l l y ,  we ob t a in  

5 

- ( 1 )  (1) I E o~ = o~~ 1 + ~,~ Q* (rD x 
i = l  

2 ( x  ")  s~ + + 

X ] "~  if(k) ~_ r i  (if(l) _[_ 1.i)2 

2 5 

x ( x ) + + s~Q*(-- ffck)) 1 - -  if(k) + rl 
k ~ l  " i =  1 

+ Q 
i = l  

5 

--s3Q*(--~ I') X" ~i 

i ~ I  

(13) 

H e r e ,  ~(xl~ i s  the  i n s t a n t a n e o u s  v a l u e  of the  s t r e s s  4 0. 
The  c o e f f i c i e n t s  s i ( i  = 1, 2, 3) in  (13) w e r e  ob t a ined  

by e v a l u a t i n g  the  o p e r a t o r  K u s i n g  the  f u n d a m e n t a l  
p r o p e r t i e s  of Q* o p e r a t o r s .  
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3. The roo t s  Y and 5 a r e  complex .  In this case  it 
is n e c e s s a r y  to evaluate  an exp re s s ion  of the f o r m :  

(E~+ 2 k E +  m) -~, (14) 

which, a s  may eas i ly  be seen,  leads  to the evaluat ion 
of the exp re s s ion  

1 (15)  
Q*~ ( -  ~) + 2pQ* (--  13) + q '  

where  

E~ -F k E o E~o + 2kEo + m 
P = E~ z ; q = g z ~ 

In o r d e r  to obtain this  evaluat ion we will p rove  the fo l -  
lowing p r o p e r t y  of in tegra l  o p e r a t o r s .  

If the ope ra to r  Q*(X) is expanded in s e r i e s  as 

Q* (~) = ~ a~ z~, (16) 
n ~ 0  

then 

and 

Q* ( - -  i 7 . -  ~) = Q~ (X, ~) - -  iQ; (z, 13), 

Q* qz  - -  ~) = Q] (z, ~) -}- iQ'~ (z, ~), (~7) 

Q; ( -  ~; - z) = q~ ( - -  I~; z); 

O;(-- ,6;  - - x ) =  - Q~(--13; z). 

We note that  if Q*(X) is an o p e r a t o r - r e s o l v e n t  of Vol-  
t e r r a  type,  then the expansion (16) holds,  the s e r i e s  
on the r ight  s ide of the exp re s s ion  converg ing  uni-  
fo rmly  fo r  - ~  < X < ~ .  

Using (16), we obtain, in pa r t i cu l a r ,  

Q* ( - -  i "/ - -  fi) - -  "~'~ a~ [~'~ 4- ~ "~ ( - -  l ) " a , , , z ~ ' "  + 

k 0 m=- I 

+ E E ( - l ) ~ + ' a '  k ( k - - l ) . . . ( 2 m +  l) • 
(k --  2m)! 

m I #~:2m--I 

Z ~-" [~- ~- . . . . .  i ( a~ Z - -  2a,. ~13 + X 

+ ( _ _  1)# lal,,Z21_113k_21+l k ( k - -  1 ) . . . 2 l  . 

" (k - -  2~ + l)~ 
t l /,' / 

Having obtained the analogous expres s ion  for  the 
ope ra to r  Q*(-iX + fl), but with posi t ive  imag ina ry  par t ,  
we see  that exp re s s ion  (17) is valid. 

We now p r o c e e d  with the evaluat ion of expres s ion  
(15), wri t ing it in the fo rm 

1/[Q .2 (--13) + 2pO* ( - -  ~) 4- ql = 

= I/[Q* ( - -  13) - YI [Q*  ( - -  13) - -  61, ( 18 )  

where  y = - - p  ;-- iR; 5 = - -  p - -  iR; R = V - q -  p ~ . 
After  reducing  to p r i m e  fac to rs ,  we have 

Q*"- (-- 13) -f- 2pQ* (--  [3) -5 q 2JR 6 y 

F l 1 

T r a n s f o r m i n g  (19) with al lowance for  p rope r t i e s  (17), 
we finally obtain 

+ 

Q,2 ( _  ~) + 2pQ* ( -  ~) + q 

! 

q 

p~ - -  R ~ ( R p 

R (P~ + R~) ~ Q~ ~ p~ + R ~ '  p + p~ + ~?~ 

(p2+R~)2 Q~ p 2 + R  ~ '  ~ + p O + R  2 
(20) 

As an i l lus t ra t ion,  we will cons ider  the bending of 
a t w o - l a y e r  beam cons is t ing  of l a y e r s  of sandstone 
and arg i I l i t e .  F r o m  the exper imenta l  c r eep  curves  for  
sandstone and a rg i l l i t e  [3], we obtained the following 
theo log ica l  p a r a m e t e r s :  fo r  sandstone X = 0.001124 
sec  -~ fi = 0.002435 sec-~ for  a rg i l l i te  )/= 0.00407 
see -~ ~3 = 0.00584 sec  -~ . I t  was a lso  a s sumed  that  

(z) 1.34 101~ N / m  2, where  E~01) Elo ') : 3 �9 lO'O N/m , % : �9 
is the ins tantaneous modulus  of e las t ic i ty  of sandstone 
and Etlg)" that of a rg i l l i t e .  To s impli fy  the calculat ions  

we took: 6 ( M -  P x ) = l ; b  =2b  l = 2 ; y = l ; h = l .  The 
roo t s  of the quadra t ic  t r inomia l  in the denominator  
obtained under  these  assumpt ions  a r e  r ea l  and cliff- 
e rent :  Y = -0 .08 ,  5 = - 1 3 . 9 2 .  

As the Q*(-/3) ope ra to r  we took Rabotnov ' s  ope ra to r  
h*,=(_ 13)[4]. In the ca lcula t ions  we employed the fo l -  
lowing r ep resen ta t ion  of the ::~ opera to r  (at c~ = 0.5) 

[51: 

1 [ 1 - -  El+a (- -  ~ V-a)] = 

i 
= - -  I l - -  exp (13 t(l+a)2) [1 - -  �9 (1~ tI+a)] }" (21) 

Here ,  r  ~+a) is the e r r o r  function.  
The r e su l t s  obtained a re  p resen ted  in the table, 

which shows that  the sign of the s t r e s s  8~)  changes 
at a ce r ta in  instant  of t ime .  

We will now cons ider  the pa r t i cu l a r  case  when one 
of the media  is pure ly  e las t ic ;  let, for  example,  E{~)t,= 
= E(~) = const .  Then the express ion  for  the s t r e s s - ~ x  ) 
takes  the fo rm 

- - 0 )  
z~. = R/Lotl + z~ Q* (-- 13) + z.Q*~ (-- ~)1. (22) 

Here ,  

x, = - 2a z [ke'0" e0 '2' + m  (e~2';-];c0; 

X,. = mh -/.2 (E~o21)VL~v 

Reduction to p r i m e  f ac to r s  and subsequent  t r a n s f o r m a -  
t ions give 

-r K [1 + h Q, ( _ ~ )  A_ & Q, ( _  132) j 
Ox = Lo y--6 ~. , 

(23) 

where  

(v--6) (v--~) 

1 S e = g - - - - ;  ( / = 1 ,  2); •  •  
•  
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V a r i a t i o n  in T i m e  of the  R e l a t i v e  S t r e s s  of a Bent  T w o - L a y e r  B e a m  
C o m p o s e d  of L a y e r s  of Sands tone  and A r g i l l i t e  

~/"t", sec ~ 300 400 500 600 1000 2000 co 

1.855 2.325 2,879 3.05 
O 0 

1oo 200 

0,89 1,47 2.12 2.414 2.763 

F i n a l l y ,  we obta in  

x( 

B,2 

_(t) _(I) [ Q* 
= ""~ 1 + ~ ,  ( - -63x o~, y---6-- 

• l + T . Z y  + ~  (-6,)  x 

2 

I + - ~ : T  - s  - ( - 6 )  , 

B2E~2) x 
B, + B~er 2' ; B~ = (2vb , - b l )  (Eom)'; 

= [2v ( b -  a,) + (b, - b y ]  e'o' .  (24) 

The r o o t s  of the  q u a d r a t i c  t r i n o m i a l  in the d e n o m -  
ina to r  a r e  a g a i n  r e a l  and d i f f e r en t :  7 = 0.003495, 5 = 
= 0.000125. Af t e r  i n v e r t i n g  the  o p e r a t o r  e x p r e s s i o n  in 
the d e n o m i n a t o r  we f ind tha t  fll and f12 a r e  nega t ive ,  
which should  a p p a r e n t l y  l e ad  to  i n s t a b i l i t y  of the  s y s -  
t em in t i m e .  However ,  th i s  does  not  happen  s ince  the 
e x p r e s s i o n  fo r  ~x con ta ins  a combina t ion  of the  o p e r -  
a t o r s  Q*(-fil  ) and Q*(-o-2), which as  t -  oo g ives  an 
i n d e t e r m i n a c y  of the  type  oo _ oo tha t  can be  eva lua t ed  
by L ' H o s p i t a l ' s  r u l e .  Thus ,  for  the  l i m i t i n g  va lue  of 
the s t r e s s  we obta in  

,~,~,v,s - -  8o = 0.969. 
0o 

Accordingly, neglecting the rheological properties 
of one of the components of the beam investigated, 
under the conditions defined in [I], results in a change 
in the limiting bending stress. As compared with its 
original value, the limiting bending stress is greater 
than  when the  m e m o r y  p r o p e r t i e s  of both l a y e r s  of the 
b e a m  a r e  t aken  into account .  
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